
MDM4U%–%Module%3:%Statistics%!–!Unit!8:!The!Normal!Distribution!–!Lesson&1& !!!!!!!!!!Date:_________________!

Introduction%to%the%Normal%Distribution%%

A.%Recall…%Histograms!%

For!a!continuous!variable,!we!can!create!intervals,!populate!a!frequency&table,!and!graph!the!resulting!
frequencies!as!a!histogram!or!a!polygon.!

A!histogram!can!be!“distributed”!(spread!out)!in!different!ways.!For!example:!!

1. it!can!have!a!“tail”!going!to!the!left!with!one!mode!(called!Negative1Skew)!…!
!

! ! ! !
!
!

2. it!can!have!a!“tail”!going!to!the!right!with!one!mode!(called!Positive1Skew)!…!
!

! ! ! !
!
!

3. it!can!have!more!than!one!mode!(Bimodal,!etc.)!…!
!

 %
!
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Bimodal!



!

4. it!can!be!symmetric!about!the!mean!…!
!

 !

! !
! There&are&many&cases&where&the&data&is&symmetric&around&a&central&value&with&no&bias&left&or&right.&
& These&cases&happen&so&frequently,&in&fact,&that&this&type&of&distribution&is&called&a&“Normal1Distribution”.&

%

B.%Properties%of%the%Normal%Distribution%

Many!physical!quantities,!like!height!and!mass,!are!distributed!symmetrically!about!the!mean.!!Statisticians!

observe!this!“bell!curve”!so!often!that!its!mathematical!model!is!known!as!the!normal!distribution.!!

The!physical,!social!and!psychological!sciences!all!make!extensive!use!of!normal!models!!

&
Cool&facts&about&the&normal&distribution:&

1. The!symmetric,!unimodal!form!of!the!distribution!makes!the!mode!equal!the!median!equal!the!mean!!

2. 50%!of!the!data!values!lie!below!the!mean!and!50%!of!the!data!values!lie!above!the!mean.!

3. The!normal!distribution!is!a!continuous!curve,!so!the!area!under!the!entire!curve!is!equal!to!1!or!100%.!
!

!

Symmetric!



!

4. Although!every!normal!distribution!has!its!own!mean!(µ)!and!standard&deviation&(σ),!for!any!normal!distribution:!

o Approx!68%!of!the!data!will!lie!within!1!standard!deviation!of!the!mean!(µ!±!σ!)!

o Approx!95%!of!the!data!will!lie!within!2!standard!deviations!of!the!mean!(µ!±!2σ)!

o Approx!99.7%!of!the!data!will!lie!within!3!standard!deviations!of!the!mean!(µ!±!3σ)!

%
%

%

%

%

%

%

C.%Standard%Scores%(zJscores)%

The!number!of!standard!deviations!any!data!value!is!from!the!mean!is!also!called!its!“standard!score”!or!“z]
score”.!For!data!values!below!the!mean,!their!z]scores!will!be!negative;!for!data!values!above!the!mean,!their!z]
scores!will!be!positive.!An!entire!normal!curve!can!be!“standardized”!like!the!example!below,!which!has!a!mean!
of!1010!and!a!standard!deviation!of!20:!

!

Computing1z>scores:1

For!a!Population:!
!!!!!!!!!!!!!!!!!!!!!!!!!
!

• z!is!the!"z]score"!(Standard!Score)!
• x!is!the!value!to!be!standardized!
• μ!is!the!population!mean!
• σ!is!the!standard!deviation 

For!a!Sample:!
!!!!!!!!!!!!!!!!!!!!!!!!

• z!is!the!"z]score"!(Standard!Score)!
• x!is!the!value!to!be!standardized!
• xbar!is!the!sample!mean!
• s!is!the!standard!deviation 

!



%
Example:%!A!survey!of!daily!travel!time!was!found!to!be!normally&distributed,!with!a!mean!travel!time!of!38.8!
minutes!and!a!standard!deviation!of!11.4!minutes.!!

a)!Label!a!normal!distribution!curve!for!this!data!with!the!survey&scores!and!the!standard&scores.!

%

!

!

!

!

!

!

%

!

b)%Standardize!(find!z]scores!for)!values!of!26!minutes,!33!minutes,!and!65!minutes!to!find!out!how!many!
standard!deviations!each!one!is!from!the!mean.!Then,!mark!these!points!on!the!normal!distribution!you!created!
in!part!a)!above.%

%

%

%

%

%
%

%

c)!One!commuter!reported!traveling!83!minutes!to!work.!Values!larger!than!3!standard!deviations!from!the!
mean!are!likely!to!be!outliers.!Does!this!traveler’s!time!represent!a!possible!outlier!for!this!data?!

%
%

%
%

%

CW:%p.%430%#5;%%WORKSHEET:%“Introduction%to%the%Normal%Distribution”%
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1.! Find!the!z<score!corresponding!to!a!grade!of!52!from!a!normal!distribution!with!a!mean!of!48!and!a!standard!

deviation!of!1.8.!

!

!

!

!

!

!

!

2.! In!North!America,!adult!female!heights!have!an!approximate!normal!distribution!with!a!mean!of!65.0!inches!

and!a!standard!deviation!of!3.5!inches.!!Adult!male!heights!have!an!approximate!normal!distribution!with!a!

mean!of!70.0!inches!and!a!standard!deviation!of!4.0!inches.!!!

!

! What!is!your!height!in!inches?!!!!!________________!

!

! Find!the!z<score!of!your!height.!!!!________________!

!

!

!

!

!

3.! A!certain!brand!of!automobile!tire!has!a!life!span!of!35,000!miles!and!a!standard!deviation!of!2250!miles.!!If!

the!life!spans!of!three!randomly!selected!tires!are:!i)!34,000!miles,!ii)!37,000!miles,!and!iii)!31,000!miles.!!Find!

the!z<scores!that!correspond!with!each!of!these!mileages.!!Would!the!life!spans!of!any!of!the!tires!be!

considered!unusual?!!Explain.!

!

!

!

!

!

!

!

!

!

!

!

4.! A!highly!selective!university!will!only!admit!students!who!place!at!least!2<zscores!above!the!mean!on!the!ACT!

that!has!a!mean!of!18!and!a!standard!deviation!of!6.!!What!is!the!minimum!score!that!an!applicant!must!

obtain!to!be!admitted!to!the!university?!

!

!

!

!

!

!

!

!

!

!



!

5.! On!a!statistics!test!the!class!mean!was!63!and!the!standard!deviation!was!7!and!for!the!biology!test!the!mean!

was!23!and!standard!deviation!was!3.9.!

!

! Use!z<scores!to!determine!on!which!test!each!student!did!better.!

!

! a)!!!Student!A!received!a!73!on!the!stat!test!and!a!26!on!the!biology!test.!

!

!

!

!

!

! b)!!!Student!B!received!a!60!on!the!stat!test!and!a!20!on!the!biology!test.!

!

!

!

!

!

!

! c)!!!Student!C!received!a!70!on!the!stat!test!and!a!29!on!the!biology!test.!

!

!

! !

!

!

!

6.! A!manufacturer!of!bolts!has!a!quality!control!policy!that!requires!it!to!destroy!any!bolts!that!are!more!than!2!

standard!deviations!from!the!mean.!!The!quality!control!engineer!knows!that!the!bolts!coming!off!the!

assembly!line!have!a!mean!length!of!8!cm!with!a!standard!deviation!of!0.05!cm.!!For!what!length(s)!will!a!bolt!

be!destroyed?!

!

!

!

!

!

!

!

!

7.! A!pharmaceutical!company!wants!to!test!a!new!cholesterol!drug.!!The!average!cholesterol!of!the!target!

population!is!200!mg!and!they!have!a!standard!deviation!of!25!mg.!!The!company!wished!to!test!a!sample!of!

people!who!fall!between!1.5!and!3!z<scores!above!the!mean.!!Into!what!range!must!a!candidate’s!cholesterol!

level!be!in!order!for!the!candidate!to!be!included!in!the!study?!

!

!

!

!

!

!

!

!
!
Answer!Key:! 1.!z!=!2.22! 2.!Answers!will!vary.! 3.!i)!z!=!!–!0.44,!ii)!z!=!!0.89,!iii)!z!=!!–!1.78!!!! !!!!!!!4.!Min.!score!is!30!!

! ! 5.a)!stat:!z!=!1.43,!bio:!z!=!0.77!!∴better!on!stat!test! 5.b)!stat:!z!=!–!0.43,!bio:!z!=!–!0.77!∴better!on!stat!test!!
! ! 5.c)!stat:!z!=!1.00,!bio:!z!=!1.54!!∴better!on!bio!test! 6.!Bolts!outside!the!interval![7.9,!8.1]!will!be!destroyed!!

! ! 7.!Candidates!with!cholesterol!inside!the!interval![237.5,!275]!will!be!included!!
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Probabilities%and%the%Normal%Distribution%%

A. Probabilities%and%the%Normal%Distribution%

A!probability%distribution!involves!the!probabilities!for!all&possible&outcomes!of!an!experiment.!A!random%

variable%(usually!uppercase!X)!must!be!defined,!which!has!a!single!value!for!each!outcome!(usually!lowercase!
x)!in!the!experiment,!i.e.!P(X!=!x)!=!______.!

1. As!the!sample!size!approaches!infinity,!and!the!interval!widths!become!smaller!and!smaller,!the!relative!
frequency!polygon!approximates!a!smooth!curve.!!
!

!!!!!!!!!!!!! !!!!!!!!!!!!!! !

                    

2. The!relative&frequency!(i.e.!frequency!÷!total)!for!each!interval!is!really!the!probability!of!finding!a!given!
value!within!that!interval.!

3. If!we!shrink!the!interval!widths!down!to!an!infinitely!small!gap!(i.e.!they!essentially!represent!discrete!
values!for!a!continuous!variable)!then!we!have!an!infinite&number&of&bars,!each!with!a!width!of!essentially!
zero,!making!up!the!histogram!!!

4. This!relative!frequency!polygon!can!now!be!referred!to!as!a!continuous!probability!distribution,!where!the!
area!under!the!curve!(i.e.!the!sum!of!all!the!bar!heights)!or!the!cumulative&relative&frequency!equals!1!
(100%).!

%

B.%Using%the%Normal%Distribution%and%zCscores%to%Find%Probabilities%

• Because!of!the!infinite!number!of!possible!outcomes, the!probability!of!any!individual!outcome!for!a!
continuous!random!variable,!X,!is!P(x)!=!______________!=!_____!.!!!
!

• The!probability!of!a!range!of!outcomes,!however,!is!defined.!This!means!that!we!can!calculate!the!
probability!that!a!given!value!will!fall!within!a!certain!interval![e.g.!P(X!<!5)].!
!

• The!probability!for!a!range!of!outcomes!is!simply!the!area!between!these!values!under!the!normalY
distribution!curve.!These!areas!can!be!found!on!a!zCscore%table.!
!
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Random!Sample! Sample!size!↑;!Interval!width!↓!

Sample!size!↑!further;!Interval!width!↓!further! Normal!Distribution!for!the!Population!



%

I.%Finding%Probabilities%Less&Than%a%Given%Value,%P(X%<%a)%

If!we!use!the!travel!time!survey!results!from!last!lesson,!which!had!a!mean!of!38.8!minutes!and!a!standard!
deviation!of!11.4!minutes,!we!can!find!out!the!probability!that!a!commuter!will!spend!less!than!52!minutes!
traveling!to!work.!

1. First!we!find!the!zYscore!corresponding!to!52!minutes:!

!

!
!
!

!

2. Then,!we!find!this!zYscore!on!the!table.!Note!that!the!outer!row!and!column!(shaded!grey!in!your!table)!
represent!the!zYscore!to!two!decimal!places.!Where!the!appropriate!row!and!column!for!your!zYscore!
intersect!is!the!probability!of!finding!a!value!less&than!(i.e.!to!the!left!of)!this!in!your!data.!

% %

%

%

%

%

zYscore!second!
decimal!place!value!

(hundredths)!

zYscore!up!to!the!first!
decimal!place!value!

(ones!and!tenths)!



Ex.%1:%!The!Research!In!Motion!plant!in!Waterloo!is!producing!the!company’s!sim!card!cages.!!The!widths!of!the!
cages!are!normally!distributed!with!a!mean!of!95mm!and!a!standard!deviation!of!2mm.!!What!is!the!probability!
that!the!next!sim!card!cage!will!have!a!width!smaller!than!93mm?%

!

!

!

!

%

%

%

II.%Finding%Probabilities%Greater&Than%a%Given%Value,%P(X%>%a)%
%
To!find!the!probability!of!an!outcome!being!greater!than!a!given!value,!we!find!the!zYscore!for!the!area!below!
the!curve!for!that!value,!and!we!subtract!its!corresponding!probability!from!1:!

! !!!!!!!!!!!!!P(X!>!a)! =!the!probability!that!a!random!continuous!variable!X!is!greater!than!a!
! ! ! =!the!area!under!the!curve!above!x!=!a!
! ! ! =!1!–!P(X!<!a)!
!
!

!

!

!

!

!

!

%

Ex.%2:%Using!zYscores,!find!the!percentage!of!sim!card!cage!widths!that!are!above!98.2!mm.%



III.%Finding%Probabilities%Between%Given%Values,%P(a%<%X%<%b)%
%

To!find!the!probability!of!being!between%two%values!we!find!zYscores!for!both!and!subtract!their!probabilities:!

! !!!!!!!P(a!<!X!<!b)!!=!the!probability!that!a!random!continuous!variable!X!lies!between!the!values!a!and!b!
! !!!!!!!! ! =!the!area!under!the!curve!from!x!=!a!to!x!=!b!
! !!!!!!!! ! =!P(X!<!b)!–!P(X!<!a):!
!
!
%

%

%

%

%

%

%

%

%

%

%

%

%

%

%

Ex.%3:!!Using!zYscores,!find!the!percentage!of!sim!card!cage!widths!that!are!between!93.8mm!and!95.5mm.!
!
!
%

%

%

%

%

%

%

%

%
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%

%

%

%

CW:%p.!430!#1,!2,!3,!4(see!p.!428!Example&3:&Solution&2),!6,!7,!8,!13;!p.!439!#1,!3,!12( x %=%351.68,!s!=!3.33,!P!=!0.364)%
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Confidence%Intervals%

A.%What’s%a%Confidence%Interval?%

Newspapers,!magazines!and!other!forms!of!media!will!often!give!statistics!on!an!issue!and!provide!the!
level!of!certainty!or!accuracy!associated!with!the!information.!

Recall:!Suppose!we!want!to!report!on!the!mean!of!our!population.!We!collect!a!sample!so!that!we!can!
estimate!the!mean!of!our!population.!!If!we!conduct!a!survey!that!is&not!a!census,!we!cannot!truly!
determine!the!population!mean, µ ;!instead,!we!can!determine!a!confidence%interval!that!highlights!
ranges!of!values!within!whichµ !is!likely!to!fall.!!Because!the!normal!distribution!is!symmetrical,!these!
intervals!are!centered!around!the!sample!mean,!!!.!!(Note:!The!closer!n!gets!to!N,!and!the!smaller!the!
standard!deviation,!the!more!confident!we!can!be!about!our!mean!)!

Ex.%1:!The!statement,!“We!can!conclude!with!95%!confidence!that!millionaires!donate!between!12.6%!
and!17.4%!of!their!income!to!charity.”!It!is!saying!that:!
!
There&is&a&_______%&probability&that&millionaires&donate&between&________&and&________&of&their&
income&to&charity.!
!
!
Ex.%2:!Interpret!the!statement:!“A!study!showed!that!60%!of!firstWyear!post!secondary!enrollees!do!not!
come!directly!from!high!school.!!These!results!are!accurate!± 5%,!19!times!out!of!20”.!

!

!

!

!

B.%%How%do%you%create%confidence%intervals?!

In!this!course,!we!will!only!be!considering!confidence!intervals!of!data!that!follows!a!normal!
distribution.!!We!will!use!the!follow!definition:!

CONFIDENCE!INTERVAL!FOR!A!NORMAL!DISTRIBUTION!
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The!table!gives!a!list!of!common!confidence!levels!and!their!associated!zWscores:!

CONFIDENCE!LEVEL!
!

ZWSCORE,!

€ 

zα
2

!

90!%! 1.645!
95!%! 1.960!
99!%! 2.576!

€ 

x
__



!

Ex.%3:%%Suppose!we!conduct!a!survey!of!19!millionaires!to!find!out!what!percent!of!their!income!the!
average!millionaire!donates!to!charity.!!We!discover!that!the!mean!percent!is!15!with!a!standard!
deviation!of!5!percent.!!Assuming!the!distribution!of!all!charity!percents!is!approximately!normal:!

a)!Find!a!95%!confidence!interval!for!the!mean!percent.!

!

!

!

!

!

!

!

!

!

!

b)!Find!a!99%!confidence!interval!for!the!mean!percent.!

!
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%
%
CW:%p.%464%#1%–%4,%7,%8a%
%
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