
MDM4U%–%Module%1:%Combinatorics%!–!Unit!2:!Combinations!–!Lesson!1! ! ! !!!!!!!!!Date:___________!

Venn%Diagrams%

A.%Even%More%Organized%Counting!?%
During!the!last!unit,!we!looked!at!tree!diagrams!and!lists!to!help!us!count!the!number!of!permutations!for!a!
given!situation.!A!Venn!diagram!is!an!organized!counting!tool!that!helps!us!visualize!relationships!between!sets!
of!items,!especially!when!the!sets!have!some!items!in!common.!!!
!
B.%Definitions%and%Terminology%

• Set%
%

%

• Element%

%
%

• Universal%set%%
%

%

• Empty%set%

%
%

• n(%%%%)%
%

%

• Subset%

%
%

• Venn%Diagram%

%

%
%
%

%
%

• Union%

%
%

%
%
%

%

• Intersection% %
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C.%Principle%of%Inclusion%and%Exclusion%for%Two%Sets%
Ex.%1:!Of!the!29!students!taking!drama,!18!have!signed!up!for!a!play!that!will!tour!several!local!high!schools,!12!
have!volunteered!to!help!out!in!the!drama!festival,!and!5!have!agreed!to!do!both.!

a) Illustrate!this!solution!using!a!Venn!diagram.!
!
!
!
!
!
!
!
!
!
!
!
!

b) How!many!students!are!involved!in!at!least!one!of!the!productions?!
!
!
!
!
!
!

c) How!many!students!are!involved!in!neither!production?!
!
!
!
!
!
%

%
%
Ex.2:!There!are!8!students!on!the!curling!team,!12!students!on!the!badminton!team,!and!3!students!on!both!
teams.!How!many!students!are!on!the!two!teams!combined?!
!
 
 
 
 
 
 
! !

Principle+of+Inclusion+and+Exclusion+for+Two+Sets+

n(A+or+B)++=++n(A)+++n(B)+–+n(A+and+B)+++++++++++++or!!+++++++++n(A+∪+B)++=++n(A)+++n(B)+–+n(A+∩+B)+

where!n(X)!represents!the!number!of!elements!in!set!X!
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D.%Principle%of%Inclusion%and%Exclusion%for%Three%Sets%
%
Ex.%3:!A!translation!service!has!40!employees,!of!whom!27!speak!French,!11!speak!Spanish,!and!7!speak!Hindi.!Of!
the!SpanishTspeaking!employees,!5!speak!Hindi!and!6!speak!French.!Three!of!the!FrenchTspeaking!employees!
also!speak!Hindi.!Two!employees!speak!all!three!languages.!
!

a) Illustrate!this!solution!using!a!Venn!diagram.!
!
!
!
!
!
!
!
!
!
!
!
!

!
b) How!many!employees!speak!French!or!Spanish!or!Hindi?!

!
!
!
!

c) How!many!employees!speak!none!of!these!languages?!
!
!

!
!
Ex.%4:!All!24!condominium!buildings!in!a!retirement!community!have!at!least!one!of!the!following!amenities:!
!12!have!a!swimming!pool,!12!have!a!tennis!court,!and!15!have!playingTcard!rooms.!If!4!buildings!have!a!pool!
and!a!tennis!court,!5!have!a!pool!and!a!card!room,!and!3!have!all!three,!how!many!have!only!a!tennis!court!and!
a!card!room?!
!
!
!
!
!
%
%
%
%
CW:%% Venn%Diagrams%Worksheet;%p.%271%#%2,%4,%6%

Principle+of+Inclusion+and+Exclusion+for+Three+Sets+

n(A!or!B!or!C)!!=!!n(A)!+!n(B)!+!n(c)!–!n(A!and!B)!–!n(A!and!C)!–!n(B!and!C)!+!n(A!and!B!and!C)!

or+

n(A!∪!B!∪!C)!!=!!n(A)!+!n(B)!+!n(c)!–!n(A!∩!B)!–!n(A!∩!C)!–!n(B!∩!C)!+!n(A!∩!B!∩!C)!

!
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Venn%Diagrams%Worksheet%

1. Of!the!25!students!on!School!Council,!18!have!signed!up!to!help!with!spirit!day,!10!have!volunteered!to!
help!with!a!leadership!conference!and!5!students!are!involved!with!both!projects.!!How!many!of!the!
students!on!council!do!not!have!a!project!yet?!!ANS:%%2!

!

!

!

!

2. Of!the!190!students!graduating!from!Mathville!High!School,!111!played!on!a!sports!team,!26!served!on!
the!students’!council!and!67!were!members!of!a!club.!!Only!10!students!did!not!participate!in!any!of!
these!activities.!!If!13!students!were!members!of!both!a!team!and!a!club,!9!were!on!both!a!team!and!the!
students’!council!and!11!were!members!of!both!the!students’!council!and!a!club,!how!many!graduating!
students!were!members!of!all!three!groups?!!ANS:%%9!

!

!

!

!

3. A!fabric!store!has!44!bolts!of!fabric!on!its!clearance!table.!!Of!these!bolts,!28!are!broadcloth,!17!are!floral!
prints,!20!have!a!blue!background,!12!are!floral!prints!on!broadcloth,!10!are!broadcloth!with!a!blue!
background!and!4!are!floral!prints!with!a!blue!background.!!If!all!but!2!of!the!clearance!fabrics!fit!at!least!
one!of!these!categories,!how!many!of!the!bolts!are!broadcloth!floral!prints!with!a!blue!background?!!
ANS:%3!

!

!

!

!

!

4. At!Mathville!High!School,!125!students!are!taking!universityTpreparation!mathematics!courses.!!Of!these!
students,!64!take!data!management,!40!take!calculus!and!51!take!geometry.!!There!are!12!students!who!
take!both!calculus!and!geometry,!11!who!take!both!calculus!and!data!and!8!who!take!all!three!courses.!!
How!many!students!take!just!geometry!and!data!management?!!ANS:%%7!

%
%
%
%
%
%
%
%
%
%
%
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MDM4U%–%Module%1:%Combinatorics%!–!Unit!2:!Combinations!–!Lesson&2! ! ! !!!!!!!!!Date:___________!

Intro%to%Combinations%

Permutations%vs.%Combinations%
Recall!that!for!permutations!we!were!counting!possible!arrangements!where!ORDER!MATTERS!(time!order!or!
spatial!order).!In!this!unit,!we!will!look!at!combinations!in!which!we!are!making!selections!where!ORDER!DOES!
NOT!MATTER.!
!
Ex.%1:%In!how!many!ways!can!you!select!3!letters!from!the!word!help?!
!
!
!
!
!
!
!
!

a) How!many!ways!can!we!arrange!each!of!these!selections?!!
!
!
!
!
!
!
!
!

b) Lets!look!at!how!many!ways!we!can!arrange!3!letters!from!the!word!help.!
!
!
!
!
!

c) What’s!the!relationship!between!the!answers!above?!
%
% %

The$number$of$combinations$of$r$objects$chosen$from$a$set$of$n$distinct$objects$is:$

nCr&&=&&&C(n,&r)&&&=&!! !! &&=&&
!!

!!! !!!&
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%
Ex.%2:!In!how!many!ways!can!the!following!cards!be!chosen!from!a!deck!of!playing!cards!if!order!of!selection!
does!not!matter?!
!

a) Any!four!cards!
!
!
!
!

b) Four!diamonds!
!
!
!
!

c) Two!kings!and!three!queens!
!
!
!
!

d) Two!spades!or!three!hearts!
!
!
!
!

e) 4!aces,!3!kings,!2!queens,!1!jack,!and!1!other!card.!
!
!
!
!
!
!
!

Ex.3:%%Eunice,!Beauregard,!Clyde,!Hank,!and!Delilah!are!being!considered!for!a!committee.!
!

a) In!how!many!ways!could!they!be!chosen!to!fill!the!positions!of!president,!vice!president,!and!treasurer?!
!
!
!
!
!
!
!
!

b) In!how!many!ways!could!these!same!5!students!form!an!executive!committee!of!three!members?!
!
!
!
%
%
%
%
%
%

%
CW:%% p.%279E281%#3E7,%11E13,%16,%18,%22%
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MDM4U%–%Module%1:%Combinatorics%!–!Unit!2:!Combinations!–!Lesson&3! ! ! !!!!!!!!!Date:___________!

All%Possible%Combinations!?%

In!the!previous!lesson,!we!looked!at!the!number!of!ways!of!choosing!r!items!from!a!set!of!n!distinct!items,!nCr.!
Today,!we!will!investigate!how!to!count!the!number!of!combinations!of!any&size!(all!r!values!from!0!to!n).!!In!this!
way,!we!will!be!finding!the!total!number!of!subsets!given!of!a!set!of!items.!

%
A.%%%All%Possible%Combinations%of%n%Distinct%Items%
!

Ex.%1:%How!many!different!sums!of!money!can!you!make!with!a!penny,!a!nickel,!a!dime,!and!a!quarter?!

!

“All!possible!combinations!of!4!distinct!items”!implies!that!we!could!choose!subsets!of!!0!or!1!or!2!or!3!or!4!of!

the!items!(i.e.!all!r!values!from!0!to!n).!To!make!a!sum!of!money,!however,!we!need!at!least!!1!coin,!so!we!will!

leave!out!the!subset!where!!r!=!0.!
!

!

!

!

!

!

!

Another!way!to!think!about!this!is!that!for!each!coin,!we!have!the!choice!to!either!include!it!or!not&include!it.!
This!strategy!creates!one!possible!combination!where!all!4!coins!are!excluded,!so!we!will!subtract!this!1!from!

our!total.!

!

!

!

!

!

!

Since!you!can’t!make!a!“sum!of!money”!without!any!coins!(i.e.&r!=!0),!we!subtracted!this!set!(called!the!null!set)!
from!the!total.!**Be!careful!with!this!because!every!case!is!different.!Sometimes!it’s!okay!to!include!the!null!set!!

!

!

Ex.%2:!A!cartoonist!has!5!pens,!each!with!a!different!colour!of!ink.!How!many!different!colour!!combinations!

could!the!cartoonist!create!within!one!panel!of!his!graphic!novel?!

!

!

!

%
%
%
%

%
%
%

A%set%with%n%distinct%elements%has%2n%subsets,%including%the%null%set.%

{&If&the&null&set&(r&=0)&is&to&be&excluded,&then&the&number&of&distinct&subsets&is&2n&–&1&}.&
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B.%%%All%Possible%Combinations%of%n%Items,%with%Some%Identical%Items%
%
Ex.%3:!A!florist!has!six!tulips,!four!daffodils,!eight!crocuses,!and!two!irises!to!choose!from!to!make!!
a!flower!bouquet.!!How!many!different!flower!combinations!are!available!for!the!bouquet?!
!
We!have!4!different!kinds!of!flowers.!For!each!kind!of!flower,!we!can!include!anywhere!
!from!0!to!all!of!them!in!the!bouquet.!This!will!include!a!subset!where!each!kind!has!0!items,!so!!
we!will!subtract!this!1!subset!from!our!total.!After!all,!it’s!not!a!bouquet!if!there!aren’t!ANY!flowers!!
!
!
!
!
!
!
!
!
To!count!all!possible!combinations!of!items!when!some!are!alike,!we!use!the!following!formula:!

!
!
Ex.%4:!How!many!different!sums!of!money!can!be!made!from!four!pennies,!two!nickels,!and!six!quarters?!
!
%
%
%
%
%
Ex.%5:%Rachel!walks!into!a!bookstore!looking!for!six!books!on!her!list.!How!many!possible!combinations!of!these!
books!could!she!find?!!
%
%
%
%
%
%
%
Ex.%6:%Rachel!walks!out!of!the!book!store!having!made!a!purchase!based!on!the!six!books!on!her!list.!How!many!
possible!purchases!could!she!have!made?!!
!
!
!
!
!
!
!
%
CW:%p.%286N288%#1,%2,%4,%7,%13%

The&total&number&of&selections&(subsets)&of&at%least%one%item&that&can&be&made&from&a&set&of&
p&items&of&one&kind,&q&items&of&another&kind,&and&r&items&of&another&kind,&and&so&on,&is:&

(p&+&1)(q&+1)(r&+&1)&.&.&.&–&1&&

[&If&the&null&set&(r&=0)&is&to&be&excluded,&then&the&number&of&distinct&subsets&is&2n&–&1&].&
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MDM4U%–%Module%1:%Combinatorics%!–!Unit!2:!Combinations!–!Lesson&4! ! ! !!!!!!!!!Date:___________!

%%%%%%%%%%%%%%%%%%Problem9Solving%With%Permutations%and%Combinations!%

1. %Identify!whether!each!of!the!following!problems!is!a!permutation!or!a!combination.!!
Then,!solve!the!problem!!!!!
!

a. How!many!fiveDdigit!numbers!can!be!formed!using!each!of!the!digits!1,!2,!3,!4,!5?!
!
!
!

b. In!how!may!ways!can!six!runners!finish!a!race?!
!
!
!
!

c. Three!of!five!people!are!chosen!to!go!on!a!trip.!In!how!many!ways!can!they!be!chosen?!
!
!
!

d. A!bridge!hand!consists!of!13!of!52!cards.!How!many!different!bridge!hands!are!there?!
!
!
!

e. You!want!to!order!a!mediumDsized!3Dtopping!pizza.!There!are!eight!toppings!available.!How!
many!different!pizzas!can!you!order!if!you!choose!3!different!toppings?!!
!
!
!

f. How!many!arrangements!of!the!word!FIELD!are!possible?!
!
!
!

g. Ten!people!shake!hands!with!each!other.!How!many!handshakes!are!possible!if!no!pair!shakes!
hands!twice?!
!
!
!

h. A!committee!of!4!people!is!to!be!chosen!from!a!group!of!12.!How!many!committees!can!be!
formed?!
!
!
!
!

i. A!committee!consisting!of!President,!Vice!President,!Treasurer,!and!Secretary!is!to!be!chosen!
from!a!group!of!12.!How!many!ways!can!this!be!done?!
!
!
!
!

j. In!how!many!ways!can!ten!people!be!divided!into!two!teams!of!5!each?!
!
!
!
!
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!
2. Five!cards!are!dealt!from!a!deck!of!52!cards.!

!
a. How!many!different!hands!can!be!dealt?!

!
!
!
!

b. How!many!hands!will!contain!all!face!cards?!
!
!
!
!

c. How!many!hands!will!contain!no!face!cards?!
!
!
!
!

d. How!many!hands!will!contain!only!spades!or!clubs?!!
!
!
!
!

e. How!many!hands!will!contain!only!hearts?!
!
!
!
!

f. How!many!will!contain!at!least!1!queen?!
!
!
!
!
!
!
!

g. How!many!will!contain!exactly!two!4s?!
!
!
!
!

h. How!many!will!contain!a!jack!or!a!king?!
!
!
!
!

i. How!many!will!contain!2!jacks!and!2!aces?!
!
!
!
!
!
!
!
CW:%% p.%280%#9;%p.%2869288%#5,%6,%8,%9,%10,%12,%15!
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MDM4U%–Module%1:%Combinatorics%!–!Unit!2:!Combinations! ! ! ! !!!!!!!!!Date:___________!

Combinations%Test%Review!%

1. A!survey!of!200!grade!12!students!produced!the!following!data:!!
! •! 101!had!a!computer!
! •! 73!had!a!DVD!player!
! •! 98!had!a!CD!player!!
! •! 41!had!both!a!computer!and!DVD!player!
! •! 33!had!both!a!DVD!player!and!a!CD!player!
! •! 21!had!both!a!computer!and!a!CD!player!
! •! 12!had!all!three!items.!
!

! Construct!a!Venn!diagram!to!illustrate!the!survey!results.!

! a)! Using!your!Venn!diagram,!determine!how!many!people!in!the!survey!have!none!!
! ! of!the!three!items.!
! b)! How!many!had!a!computer!and!a!DVD!player!but!NOT!a!CD!player?!
!
2. The!Venn!diagram!represents!the!number!of!actors!who!performed!in!the!three!shows,!The$Lion$

King,!Rent,!and!The$Phantom$of$the$Opera.!

! a)! How!many!actors!participated!in!the!survey?!

! b)! How!many!of!the!actors!were!in!both!Rent!and!!
! ! The$Phantom$of$the$Opera?!

! c)! How!many!of!the!actors!were!in!only!one!show?!

! d)! How!many!actors!were!in!Rent!but!not!in!!
! ! The$Lion$King?!

! e)! How!many!of!the!actors!were!in!all!three!shows?!
!

3. There!are!seven!teams!competing!in!the!Waterloo!District!Mathematics!Challenge.!In!how!many!
ways!can!you!choose!the!first,!second,!and!third!place!team?!
!

4. In!how!many!ways!can!you!form!a!recycling!team!consisting!of!three!teachers!and!nine!students!if!
there!are!seven!teachers!and!21!students!interested!in!being!on!the!team?!
!

5. There!are!15!boys!and!19!girls!in!a!room.!!
! a)! How!many!groups!of!9!would!contain!exactly!four!girls!and!five!boys?!!

! b)! How!many!groups!of!14!would!have!an!equal!number!of!boys!and!girls?!!
! c)! How!many!groups!of!5!have!more!boys!than!girls?!(Hint:!Consider!three!cases.)!
!

6. How!many!different!sums!of!money!can!be!made!with!a!$1!coin,!a!$2!coin,!four!$5!bills,!and!!
a!$50!bill?!
!

7. When!preparing!a!bouquet,!a!florist!can!choose!from!seven!roses,!six!carnations,!and!four!
chrysanthemums.!How!many!bouquets!can!the!florist!make!if!the!bouquet!must!have!at!least!one!
flower?!
!

8. The!school!band!contains!11!members.!In!how!many!ways!can!a!committee!of!at!least!one!
member!be!formed!from!the!school!band?!
!

! !

The$Lion$
King$

15!

4!
2!

5!

3!

19!

22!

Rent$ The$
Phantom$
of$the$
Opera$

S$
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9. Suppose!fifteen!people!qualify!for!a!college!cheerleading!squad,!six!women!and!nine!men.!
! a)! How!many!six[member!squads!can!be!selected?!
! b)! Suppose!that!exactly!two!members!of!the!six[member!squad!must!be!male.!!How!many!!

! ! six[member!squads!can!be!selected?!
!
10. Mr.!Jones!owns!4!pairs!of!pants,!7!shirts,!and!3!sweaters.!In!how!many!ways!may!he!choose!2!of!

the!pairs!of!pants,!3!of!the!shirts,!and!1!of!the!sweaters!to!pack!for!a!trip?!
!

11. An!art!collector,!who!owns!10!original!paintings,!is!preparing!a!will.!In!how!many!ways!may!the!

collector!leave!these!paintings!to!only!three!heirs?!(Hint:!Think!of!each!painting!as!a!stage!in!the!
decision[making!process.)!

!
12. The!school!board!has!eight!members!
! a)! The!board!must!have!three!officers:!a!chairperson,!an!assistant!chairperson,!and!a!!

! ! secretary.!!How!many!different!sets!of!these!officers!can!be!formed!from!this!board?!
! b)! How!many!executive!three[person!committees!can!be!formed!from!this!board?!
! c)! Is!part!(a)!asking!for!a!number!of!permutations!(P)!or!a!number!of!combinations$(C)?!!!

! ! What!about!part!(b)?!
!
For$questions$13?20,$determine$whether$each$situation$involves$a$permutation$(P)$or$a$combination$(C).$

Then$find$the$number$of$possibilities.$$
!!
13. The!winner!and!first,!second,!and!third!runners[up!in!a!contest!with!10!finalists.!!

!
14. Selecting!two!of!eight!employees!to!attend!a!business!seminar.!

!
15. An!arrangement!of!the!letters!in!the!word!“algebra”.!

!
16. Placing!an!algebra!book,!a!geometry!book,!a!chemistry!book,!an!English!book,!and!a!health!book!

on!a!shelf.!!
!

17. Selecting!nine!books!to!check!out!of!the!library!from!a!reading!list!of!twelve.!!
!

18. Selecting!three!of!fifteen!flavors!of!ice!cream!at!the!grocery!store.!!
!

19. Choosing!a!hand!of!five!cards!from!a!standard!deck!of!cards!consisting!of!four!cards!from!one!suit!
and!one!card!from!another!suit.!(Hint:!First!choose!1!of!the!4!suits!and!then!choose!4!cards!from!
that!suit.!Next,!choose!1!of!the!remaining!3!suits!and!1!card!from!that!suit.)!
!

20. Seating!five!men!and!five!women!alternately!in!a!row,!beginning!with!a!woman.!!
%
%

1a)!!!!11! 1b)!!!29! 2a)!!!70! 2b)!!!7! 2c)!!!56! 2d)!!!20!
2e)!!!2! 3)!!!210! 4)!10!287!550! 5a)!!!11!639!628! 5b)!!!324!246!780! 5c)!!!106!743!
6)!!!39! 7)!!!279! 8)!!!2047! 9a)!!!5005! 9b)!!!540! 10)!!!630!
11)!!59!049! 12a)!!336! 12b)!!56! 12c)!!(a)=P,!(b)=C! 13)!!!P;!!720! 14)!!!C;!!28!
15)!!!P;!!2520! 16)!!!P;!!120! 17)!!!C;!!220! 18)!!!C;!!455! 19)!!C;!!111!540! 20)!P;!!14!400!

%
%
Textbook%Review:%%p.%296%#1%–%3,%5%–%13;%p.%298%#5%–%8%
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