
CALCULUS Limits (I)

1. Compute the following limit: lim
x→−4

x2 + 7x + 12
x2 − 16

2. Compute the following limit: lim
x→−3

x2 + 4x + 3
x2 + 3x

3. Compute the following limit: lim
x→−3

x2 + 5x + 6
x2 + 7x + 12

4. Compute the following limit: lim
x→2

x2 − 6x + 8
x2 − 7x + 10

5. Compute the following limit: lim
x→4

x2 − 6x + 8
x2 − 2x− 8

6. Compute the following limit: lim
x→−2

x2 + x− 2
x2 − 3x− 10

7. Compute the following limit: lim
x→−5

x2 − 25
x2 + x− 20

8. Compute the following limit: lim
x→−3

x2 − 9
x2 + 6x + 9

9. Compute the following limit: lim
x→2

x2 + 2x− 8
x2 − 4x + 4

10. Compute the following limit: lim
x→1

x2 − 2x + 1
x2 − 1

Answers:1.
1
82.

2
33.−14.

2
35.

1
36.

3
77.

10
98.DNE9.DNE10.0
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CALCULUS Limits (I)

Solutions:

1. lim
x→−4

x2 + 7x + 12
x2 − 16

I Factorize:

= lim
x→−4

(x + 4)(x + 3)
(x + 4)(x− 4)

I Simplify the common factor:

= lim
x→−4

x + 3
x− 4

I Use substitution to compute the limit:

=
−4 + 3
−4− 4

I Simplify:

=
1
8

2. lim
x→−3

x2 + 4x + 3
x2 + 3x

I Factorize:

= lim
x→−3

(x + 3)(x + 1)
(x + 3)(x)

I Simplify the common factor:

= lim
x→−3

x + 1
x

I Use substitution to compute the limit:

=
−3 + 1
−3

I Simplify:

=
2
3

3. lim
x→−3

x2 + 5x + 6
x2 + 7x + 12

I Factorize:

= lim
x→−3

(x + 3)(x + 2)
(x + 3)(x + 4)

I Simplify the common factor:

= lim
x→−3

x + 2
x + 4

I Use substitution to compute the limit:

=
−3 + 2
−3 + 4

I Simplify:

= −1

4. lim
x→2

x2 − 6x + 8
x2 − 7x + 10

I Factorize:

= lim
x→2

(x− 2)(x− 4)
(x− 2)(x− 5)

I Simplify the common factor:

= lim
x→2

x− 4
x− 5

I Use substitution to compute the limit:

=
2− 4
2− 5

I Simplify:

=
2
3

5. lim
x→4

x2 − 6x + 8
x2 − 2x− 8

I Factorize:
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CALCULUS Limits (I)

= lim
x→4

(x− 4)(x− 2)
(x− 4)(x + 2)

I Simplify the common factor:

= lim
x→4

x− 2
x + 2

I Use substitution to compute the limit:

=
4− 2
4 + 2

I Simplify:

=
1
3

6. lim
x→−2

x2 + x− 2
x2 − 3x− 10

I Factorize:

= lim
x→−2

(x + 2)(x− 1)
(x + 2)(x− 5)

I Simplify the common factor:

= lim
x→−2

x− 1
x− 5

I Use substitution to compute the limit:

=
−2− 1
−2− 5

I Simplify:

=
3
7

7. lim
x→−5

x2 − 25
x2 + x− 20

I Factorize:

= lim
x→−5

(x + 5)(x− 5)
(x + 5)(x− 4)

I Simplify the common factor:

= lim
x→−5

x− 5
x− 4

I Use substitution to compute the limit:

=
−5− 5
−5− 4

I Simplify:

=
10
9

8. lim
x→−3

x2 − 9
x2 + 6x + 9

I Factorize:

= lim
x→−3

(x + 3)(x− 3)
(x + 3)(x + 3)

I Simplify the common factor:

= lim
x→−3

x− 3
x + 3

I Use substitution to compute the limit:

=
−3− 3
−3 + 3

I Simplify:

= DNE

9. lim
x→2

x2 + 2x− 8
x2 − 4x + 4

I Factorize:

= lim
x→2

(x− 2)(x + 4)
(x− 2)(x− 2)

I Simplify the common factor:

= lim
x→2

x + 4
x− 2

I Use substitution to compute the limit:
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CALCULUS Limits (I)

=
2 + 4
2− 2

I Simplify:

= DNE

10. lim
x→1

x2 − 2x + 1
x2 − 1

I Factorize:

= lim
x→1

(x− 1)(x− 1)
(x− 1)(x + 1)

I Simplify the common factor:

= lim
x→1

x− 1
x + 1

I Use substitution to compute the limit:

=
1− 1
1 + 1

I Simplify:

= 0
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CALCULUS Limits (II)

1. Compute the following limit: lim
x→1

√
x− 1

x− 1

2. Compute the following limit: lim
x→ 25

9

√
x− 5

3

x− 25
9

3. Compute the following limit: lim
x→ 25

4

√
x− 5

2

x− 25
4

4. Compute the following limit: lim
x→ 1

16

√
x− 1

4

x− 1
16

5. Compute the following limit: lim
x→ 1

9

√
x− 1

3

x− 1
9

6. Compute the following limit: lim
x→ 4

9

√
x− 2

3

x− 4
9

7. Compute the following limit: lim
x→ 16

9

√
x− 4

3

x− 16
9

8. Compute the following limit: lim
x→4

√
x− 2

x− 4

9. Compute the following limit: lim
x→ 9

4

√
x− 3

2

x− 9
4

10. Compute the following limit: lim
x→ 1

4

√
x− 1

2

x− 1
4

Answers:1.
1
22.

3
103.

1
54.25.

3
26.

3
47.

3
88.

1
49.

1
310.1

c© 2009 La Citadelle 1 of 5 www.la-citadelle.com

Vincent Nguyen



CALCULUS Limits (II)

Solutions:

1. lim
x→1

√
x− 1

x− 1
I Multiply by the conjugate radical:

= lim
x→1

√
x− 1

x− 1
×
√

x + 1√
x + 1

I Use: (a− b)(a + b) = a2 − b2 and (
√

x)2 = x

= lim
x→1

x− 1
(x− 1)(

√
x + 1)

I Simplify the common factor:

= lim
x→1

1√
x + 1

I Use substituion to compute the limit:

=
1√

1 + 1
I Simplify:

=
1
2

2. lim
x→ 25

9

√
x− 5

3

x− 25
9

I Multiply by the conjugate radical:

= lim
x→ 25

9

√
x− 5

3

x− 25
9

×
√

x + 5
3√

x + 5
3

I Use: (a− b)(a + b) = a2 − b2 and (
√

x)2 = x

= lim
x→ 25

9

x− 25
9

(x− 25
9 )(
√

x + 5
3 )

I Simplify the common factor:

= lim
x→ 25

9

1
√

x + 5
3

I Use substituion to compute the limit:

=
1√

25
9 + 5

3

I Simplify:

=
3
10

3. lim
x→ 25

4

√
x− 5

2

x− 25
4

I Multiply by the conjugate radical:

= lim
x→ 25

4

√
x− 5

2

x− 25
4

×
√

x + 5
2√

x + 5
2

I Use: (a− b)(a + b) = a2 − b2 and (
√

x)2 = x

= lim
x→ 25

4

x− 25
4

(x− 25
4 )(
√

x + 5
2 )

I Simplify the common factor:

= lim
x→ 25

4

1
√

x + 5
2

I Use substituion to compute the limit:

=
1√

25
4 + 5

2

I Simplify:

=
1
5

4. lim
x→ 1

16

√
x− 1

4

x− 1
16

I Multiply by the conjugate radical:
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CALCULUS Limits (II)

= lim
x→ 1

16

√
x− 1

4

x− 1
16

×
√

x + 1
4√

x + 1
4

I Use: (a− b)(a + b) = a2 − b2 and (
√

x)2 = x

= lim
x→ 1

16

x− 1
16

(x− 1
16 )(
√

x + 1
4 )

I Simplify the common factor:

= lim
x→ 1

16

1
√

x + 1
4

I Use substituion to compute the limit:

=
1√

1
16 + 1

4

I Simplify:

= 2

5. lim
x→ 1

9

√
x− 1

3

x− 1
9

I Multiply by the conjugate radical:

= lim
x→ 1

9

√
x− 1

3

x− 1
9

×
√

x + 1
3√

x + 1
3

I Use: (a− b)(a + b) = a2 − b2 and (
√

x)2 = x

= lim
x→ 1

9

x− 1
9

(x− 1
9 )(
√

x + 1
3 )

I Simplify the common factor:

= lim
x→ 1

9

1
√

x + 1
3

I Use substituion to compute the limit:

=
1√

1
9 + 1

3

I Simplify:

=
3
2

6. lim
x→ 4

9

√
x− 2

3

x− 4
9

I Multiply by the conjugate radical:

= lim
x→ 4

9

√
x− 2

3

x− 4
9

×
√

x + 2
3√

x + 2
3

I Use: (a− b)(a + b) = a2 − b2 and (
√

x)2 = x

= lim
x→ 4

9

x− 4
9

(x− 4
9 )(
√

x + 2
3 )

I Simplify the common factor:

= lim
x→ 4

9

1
√

x + 2
3

I Use substituion to compute the limit:

=
1√

4
9 + 2

3

I Simplify:

=
3
4

7. lim
x→ 16

9

√
x− 4

3

x− 16
9

I Multiply by the conjugate radical:

= lim
x→ 16

9

√
x− 4

3

x− 16
9

×
√

x + 4
3√

x + 4
3

I Use: (a− b)(a + b) = a2 − b2 and (
√

x)2 = x
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CALCULUS Limits (II)

= lim
x→ 16

9

x− 16
9

(x− 16
9 )(
√

x + 4
3 )

I Simplify the common factor:

= lim
x→ 16

9

1
√

x + 4
3

I Use substituion to compute the limit:

=
1√

16
9 + 4

3

I Simplify:

=
3
8

8. lim
x→4

√
x− 2

x− 4
I Multiply by the conjugate radical:

= lim
x→4

√
x− 2

x− 4
×
√

x + 2√
x + 2

I Use: (a− b)(a + b) = a2 − b2 and (
√

x)2 = x

= lim
x→4

x− 4
(x− 4)(

√
x + 2)

I Simplify the common factor:

= lim
x→4

1√
x + 2

I Use substituion to compute the limit:

=
1√

4 + 2
I Simplify:

=
1
4

9. lim
x→ 9

4

√
x− 3

2

x− 9
4

I Multiply by the conjugate radical:

= lim
x→ 9

4

√
x− 3

2

x− 9
4

×
√

x + 3
2√

x + 3
2

I Use: (a− b)(a + b) = a2 − b2 and (
√

x)2 = x

= lim
x→ 9

4

x− 9
4

(x− 9
4 )(
√

x + 3
2 )

I Simplify the common factor:

= lim
x→ 9

4

1
√

x + 3
2

I Use substituion to compute the limit:

=
1√

9
4 + 3

2

I Simplify:

=
1
3

10. lim
x→ 1

4

√
x− 1

2

x− 1
4

I Multiply by the conjugate radical:

= lim
x→ 1

4

√
x− 1

2

x− 1
4

×
√

x + 1
2√

x + 1
2

I Use: (a− b)(a + b) = a2 − b2 and (
√

x)2 = x

= lim
x→ 1

4

x− 1
4

(x− 1
4 )(
√

x + 1
2 )

I Simplify the common factor:

= lim
x→ 1

4

1
√

x + 1
2

I Use substituion to compute the limit:
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CALCULUS Limits (II)

=
1√

1
4 + 1

2

I Simplify:

= 1
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CALCULUS Limits (III)

1. Compute the following limit: lim
x→−1

x3 + 1
x2 − 1

2. Compute the following limit: lim
x→2

x3 − 8
x2 − 4

3. Compute the following limit: lim
x→4

x3 − 64
x2 − 16

4. Compute the following limit: lim
x→−4

x3 + 64
x2 − 16

5. Compute the following limit: lim
x→−3

x3 + 27
x2 − 9

6. Compute the following limit: lim
x→1

x3 − 1
x2 − 1

7. Compute the following limit: lim
x→−2

x3 + 8
x2 − 4

8. Compute the following limit: lim
x→−5

x3 + 125
x2 − 25

9. Compute the following limit: lim
x→3

x3 − 27
x2 − 9

10. Compute the following limit: lim
x→5

x3 − 125
x2 − 25

Answers:1.−3
22.33.64.−65.−9

26.
3
27.−38.−15

29.
9
210.

15
2
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CALCULUS Limits (III)

Solutions:

1. lim
x→−1

x3 + 1
x2 − 1

I Use: (a + b)3 = (a + b)(a2 − ab + b2) or (a− b)3 = (a− b)(a2 + ab + b2)

= lim
x→−1

(x + 1)(x2 − x + 1)
(x + 1)(x− 1)

I Simplify the common factor:

= lim
x→−1

x2 − x + 1
x− 1

I Use substitution to compute the limit:

=
1− 1(−1) + 1

−1− 1
I Simplify:

=
−3
2

2. lim
x→2

x3 − 8
x2 − 4

I Use: (a + b)3 = (a + b)(a2 − ab + b2) or (a− b)3 = (a− b)(a2 + ab + b2)

= lim
x→2

(x− 2)(x2 + 2x + 4)
(x− 2)(x + 2)

I Simplify the common factor:

= lim
x→2

x2 + 2x + 4
x + 2

I Use substitution to compute the limit:

=
4 + 2(2) + 4

2 + 2
I Simplify:

= 3

3. lim
x→4

x3 − 64
x2 − 16

I Use: (a + b)3 = (a + b)(a2 − ab + b2) or (a− b)3 = (a− b)(a2 + ab + b2)

= lim
x→4

(x− 4)(x2 + 4x + 16)
(x− 4)(x + 4)

I Simplify the common factor:

= lim
x→4

x2 + 4x + 16
x + 4

I Use substitution to compute the limit:

=
16 + 4(4) + 16

4 + 4
I Simplify:

= 6

4. lim
x→−4

x3 + 64
x2 − 16

I Use: (a + b)3 = (a + b)(a2 − ab + b2) or (a− b)3 = (a− b)(a2 + ab + b2)

= lim
x→−4

(x + 4)(x2 − 4x + 16)
(x + 4)(x− 4)

I Simplify the common factor:

= lim
x→−4

x2 − 4x + 16
x− 4

I Use substitution to compute the limit:

=
16− 4(−4) + 16

−4− 4
I Simplify:

= −6

5. lim
x→−3

x3 + 27
x2 − 9

I Use: (a + b)3 = (a + b)(a2 − ab + b2) or (a− b)3 = (a− b)(a2 + ab + b2)
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CALCULUS Limits (III)

= lim
x→−3

(x + 3)(x2 − 3x + 9)
(x + 3)(x− 3)

I Simplify the common factor:

= lim
x→−3

x2 − 3x + 9
x− 3

I Use substitution to compute the limit:

=
9− 3(−3) + 9

−3− 3
I Simplify:

=
−9
2

6. lim
x→1

x3 − 1
x2 − 1

I Use: (a + b)3 = (a + b)(a2 − ab + b2) or (a− b)3 = (a− b)(a2 + ab + b2)

= lim
x→1

(x− 1)(x2 + x + 1)
(x− 1)(x + 1)

I Simplify the common factor:

= lim
x→1

x2 + x + 1
x + 1

I Use substitution to compute the limit:

=
1 + 1(1) + 1

1 + 1
I Simplify:

=
3
2

7. lim
x→−2

x3 + 8
x2 − 4

I Use: (a + b)3 = (a + b)(a2 − ab + b2) or (a− b)3 = (a− b)(a2 + ab + b2)

= lim
x→−2

(x + 2)(x2 − 2x + 4)
(x + 2)(x− 2)

I Simplify the common factor:

= lim
x→−2

x2 − 2x + 4
x− 2

I Use substitution to compute the limit:

=
4− 2(−2) + 4

−2− 2
I Simplify:

= −3

8. lim
x→−5

x3 + 125
x2 − 25

I Use: (a + b)3 = (a + b)(a2 − ab + b2) or (a− b)3 = (a− b)(a2 + ab + b2)

= lim
x→−5

(x + 5)(x2 − 5x + 25)
(x + 5)(x− 5)

I Simplify the common factor:

= lim
x→−5

x2 − 5x + 25
x− 5

I Use substitution to compute the limit:

=
25− 5(−5) + 25

−5− 5
I Simplify:

=
−15
2

9. lim
x→3

x3 − 27
x2 − 9

I Use: (a + b)3 = (a + b)(a2 − ab + b2) or (a− b)3 = (a− b)(a2 + ab + b2)

= lim
x→3

(x− 3)(x2 + 3x + 9)
(x− 3)(x + 3)

I Simplify the common factor:

= lim
x→3

x2 + 3x + 9
x + 3

I Use substitution to compute the limit:
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CALCULUS Limits (III)

=
9 + 3(3) + 9

3 + 3
I Simplify:

=
9
2

10. lim
x→5

x3 − 125
x2 − 25

I Use: (a + b)3 = (a + b)(a2 − ab + b2) or (a− b)3 = (a− b)(a2 + ab + b2)

= lim
x→5

(x− 5)(x2 + 5x + 25)
(x− 5)(x + 5)

I Simplify the common factor:

= lim
x→5

x2 + 5x + 25
x + 5

I Use substitution to compute the limit:

=
25 + 5(5) + 25

5 + 5
I Simplify:

=
15
2
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CALCULUS Limits (IV)

1. Compute the following limit: lim
x→4

√
x− 1−

√
3

x− 4

2. Compute the following limit: lim
x→−2

√
x + 9−

√
7

x + 2

3. Compute the following limit: lim
x→−2

√
x + 7−

√
5

x + 2

4. Compute the following limit: lim
x→4

√
x− 3−

√
1

x− 4

5. Compute the following limit: lim
x→−5

√
x + 7−

√
2

x + 5

6. Compute the following limit: lim
x→4

√
x + 7−

√
11

x− 4

7. Compute the following limit: lim
x→−3

√
x + 13−

√
10

x + 3

8. Compute the following limit: lim
x→−3

√
x + 8−

√
5

x + 3

9. Compute the following limit: lim
x→0

√
x + 15−

√
15

x− 0

10. Compute the following limit: lim
x→−1

√
x + 9−

√
8

x + 1

Answers:
1.

1
2
√

32.
1

2
√

73.
1

2
√

54.
1

2
√

15.
1

2
√

26.
1

2
√

117.
1

2
√

108.
1

2
√

59.
1

2
√

15

10.
1

2
√

8
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CALCULUS Limits (IV)

Solutions:

1. lim
x→4

√
x− 1−

√
3

x− 4
I Multiply by the conjugate radical:

= lim
x→4

√
x− 1−

√
3

x− 4
×
√

x− 1 +
√

3
√

x− 1 +
√

3
I Use: (a− b)(a + b) = a2 − b2 and (

√
a)2 = a

= lim
x→4

(x− 1)− 3
(x− 4)(

√
x− 1 +

√
3)

I Remove brackets and simplify:

= lim
x→4

x− 4
(x− 4)(

√
x− 1 +

√
3)

I Simplify the common factor:

= lim
x→4

1
√

x− 1 +
√

3
I Use substitution to compute the limit:

=
1

√
4− 1 +

√
3

I Simplify:

=
1

2
√

3

2. lim
x→−2

√
x + 9−

√
7

x + 2
I Multiply by the conjugate radical:

= lim
x→−2

√
x + 9−

√
7

x + 2
×
√

x + 9 +
√

7
√

x + 9 +
√

7
I Use: (a− b)(a + b) = a2 − b2 and (

√
a)2 = a

= lim
x→−2

(x + 9)− 7
(x + 2)(

√
x + 9 +

√
7)

I Remove brackets and simplify:

= lim
x→−2

x + 2
(x + 2)(

√
x + 9 +

√
7)

I Simplify the common factor:

= lim
x→−2

1
√

x + 9 +
√

7
I Use substitution to compute the limit:

=
1

√
−2 + 9 +

√
7

I Simplify:

=
1

2
√

7

3. lim
x→−2

√
x + 7−

√
5

x + 2
I Multiply by the conjugate radical:

= lim
x→−2

√
x + 7−

√
5

x + 2
×
√

x + 7 +
√

5
√

x + 7 +
√

5
I Use: (a− b)(a + b) = a2 − b2 and (

√
a)2 = a

= lim
x→−2

(x + 7)− 5
(x + 2)(

√
x + 7 +

√
5)

I Remove brackets and simplify:

= lim
x→−2

x + 2
(x + 2)(

√
x + 7 +

√
5)

I Simplify the common factor:

= lim
x→−2

1
√

x + 7 +
√

5
I Use substitution to compute the limit:

=
1

√
−2 + 7 +

√
5

I Simplify:
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CALCULUS Limits (IV)

=
1

2
√

5

4. lim
x→4

√
x− 3−

√
1

x− 4
I Multiply by the conjugate radical:

= lim
x→4

√
x− 3−

√
1

x− 4
×
√

x− 3 +
√

1
√

x− 3 +
√

1
I Use: (a− b)(a + b) = a2 − b2 and (

√
a)2 = a

= lim
x→4

(x− 3)− 1
(x− 4)(

√
x− 3 +

√
1)

I Remove brackets and simplify:

= lim
x→4

x− 4
(x− 4)(

√
x− 3 +

√
1)

I Simplify the common factor:

= lim
x→4

1
√

x− 3 +
√

1
I Use substitution to compute the limit:

=
1

√
4− 3 +

√
1

I Simplify:

=
1

2
√

1

5. lim
x→−5

√
x + 7−

√
2

x + 5
I Multiply by the conjugate radical:

= lim
x→−5

√
x + 7−

√
2

x + 5
×
√

x + 7 +
√

2
√

x + 7 +
√

2
I Use: (a− b)(a + b) = a2 − b2 and (

√
a)2 = a

= lim
x→−5

(x + 7)− 2
(x + 5)(

√
x + 7 +

√
2)

I Remove brackets and simplify:

= lim
x→−5

x + 5
(x + 5)(

√
x + 7 +

√
2)

I Simplify the common factor:

= lim
x→−5

1
√

x + 7 +
√

2
I Use substitution to compute the limit:

=
1

√
−5 + 7 +

√
2

I Simplify:

=
1

2
√

2

6. lim
x→4

√
x + 7−

√
11

x− 4
I Multiply by the conjugate radical:

= lim
x→4

√
x + 7−

√
11

x− 4
×
√

x + 7 +
√

11
√

x + 7 +
√

11
I Use: (a− b)(a + b) = a2 − b2 and (

√
a)2 = a

= lim
x→4

(x + 7)− 11
(x− 4)(

√
x + 7 +

√
11)

I Remove brackets and simplify:

= lim
x→4

x− 4
(x− 4)(

√
x + 7 +

√
11)

I Simplify the common factor:

= lim
x→4

1
√

x + 7 +
√

11
I Use substitution to compute the limit:

=
1

√
4 + 7 +

√
11

I Simplify:
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CALCULUS Limits (IV)

=
1

2
√

11

7. lim
x→−3

√
x + 13−

√
10

x + 3
I Multiply by the conjugate radical:

= lim
x→−3

√
x + 13−

√
10

x + 3
×
√

x + 13 +
√

10
√

x + 13 +
√

10
I Use: (a− b)(a + b) = a2 − b2 and (

√
a)2 = a

= lim
x→−3

(x + 13)− 10
(x + 3)(

√
x + 13 +

√
10)

I Remove brackets and simplify:

= lim
x→−3

x + 3
(x + 3)(

√
x + 13 +

√
10)

I Simplify the common factor:

= lim
x→−3

1
√

x + 13 +
√

10
I Use substitution to compute the limit:

=
1

√
−3 + 13 +

√
10

I Simplify:

=
1

2
√

10

8. lim
x→−3

√
x + 8−

√
5

x + 3
I Multiply by the conjugate radical:

= lim
x→−3

√
x + 8−

√
5

x + 3
×
√

x + 8 +
√

5
√

x + 8 +
√

5
I Use: (a− b)(a + b) = a2 − b2 and (

√
a)2 = a

= lim
x→−3

(x + 8)− 5
(x + 3)(

√
x + 8 +

√
5)

I Remove brackets and simplify:

= lim
x→−3

x + 3
(x + 3)(

√
x + 8 +

√
5)

I Simplify the common factor:

= lim
x→−3

1
√

x + 8 +
√

5
I Use substitution to compute the limit:

=
1

√
−3 + 8 +

√
5

I Simplify:

=
1

2
√

5

9. lim
x→0

√
x + 15−

√
15

x− 0
I Multiply by the conjugate radical:

= lim
x→0

√
x + 15−

√
15

x− 0
×
√

x + 15 +
√

15
√

x + 15 +
√

15
I Use: (a− b)(a + b) = a2 − b2 and (

√
a)2 = a

= lim
x→0

(x + 15)− 15
(x− 0)(

√
x + 15 +

√
15)

I Remove brackets and simplify:

= lim
x→0

x− 0
(x− 0)(

√
x + 15 +

√
15)

I Simplify the common factor:

= lim
x→0

1
√

x + 15 +
√

15
I Use substitution to compute the limit:

=
1

√
0 + 15 +

√
15

I Simplify:
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CALCULUS Limits (IV)

=
1

2
√

15

10. lim
x→−1

√
x + 9−

√
8

x + 1
I Multiply by the conjugate radical:

= lim
x→−1

√
x + 9−

√
8

x + 1
×
√

x + 9 +
√

8
√

x + 9 +
√

8
I Use: (a− b)(a + b) = a2 − b2 and (

√
a)2 = a

= lim
x→−1

(x + 9)− 8
(x + 1)(

√
x + 9 +

√
8)

I Remove brackets and simplify:

= lim
x→−1

x + 1
(x + 1)(

√
x + 9 +

√
8)

I Simplify the common factor:

= lim
x→−1

1
√

x + 9 +
√

8
I Use substitution to compute the limit:

=
1

√
−1 + 9 +

√
8

I Simplify:

=
1

2
√

8
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CALCULUS Continuity. Piece-wise defined functions

1. Consider the following piece-wise defined function:

f(x) =

{ √
3x− 2 if x 6 1

x2 + 1 if x > 1

Analize the continuity of this function at x = 1.

2. Consider the following piece-wise defined function:

f(x) =


3

x+2 − 1 if x < 1

1 if x = 1
√

x if x > 1

Analize the continuity of this function at x = 1.

3. Consider the following piece-wise defined function:

f(x) =

{ √
−2x2 + 3x + 8 if x 6 1

−9x
x+2 + 6 if x > 1

Analize the continuity of this function at x = 1.

4. Consider the following piece-wise defined function:

f(x) =

{ −18x
x+3 + 10 if x 6 3

x
x−2 − 1 if x > 3

Analize the continuity of this function at x = 3.

5. Consider the following piece-wise defined function:

f(x) =


√

x2 − 2x− 15 if x < −3

0 if x = −3

x2 − 10 if x > −3

Analize the continuity of this function at x = −3.

6. Consider the following piece-wise defined function:

f(x) =


−6x

x + 7 if x < 2

2 if x = 2

−3x + 8 if x > 2
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CALCULUS Continuity. Piece-wise defined functions

Analize the continuity of this function at x = 2.

7. Consider the following piece-wise defined function:

f(x) =

{
x2 − x− 8 if x < −2

−2x2 − x + 4 if x > −2

Analize the continuity of this function at x = −2.

8. Consider the following piece-wise defined function:

f(x) =

{
2x if x < 1

√
x2 + 3 if x > 1

Analize the continuity of this function at x = 1.

9. Consider the following piece-wise defined function:

f(x) =

{
−2x2 + 2x + 13 if x 6 3
√

2x2 − 3x− 9 if x > 3

Analize the continuity of this function at x = 3.

10. Consider the following piece-wise defined function:

f(x) =

{
6

x−3 + 3 if x 6 1

−3x2 − 2x + 4 if x > 1

Analize the continuity of this function at x = 1.

Answers:1.discontinuous2.discontinuous3.continuous4.discontinuous5.discon-
tinuous6.discontinuous7.continuous8.continuous9.discontinuous10.discontinuous
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CALCULUS Continuity. Piece-wise defined functions

Solutions:

1.
lim

x→1−
f(x) = lim

x→1−

√
3x− 2 =

√
3(1)− 2 = 1

lim
x→1+

f(x) = lim
x→1+

x2 + 1 = (1)2 + 1 = 2

f(1) = 1

So lim
x→1−

f(x) 6= lim
x→1+

f(x) lim
x→1−

f(x) = f(1) lim
x→1+

f(x) 6= f(1)

Therefore, the function is discontinuous.

2.
lim

x→1−
f(x) = lim

x→1−

3
x + 2

− 1 =
3

(1) + 2
− 1 = 0

lim
x→1+

f(x) = lim
x→1+

√
x =

√
(1) = 1

f(1) = 1

So lim
x→1−

f(x) 6= lim
x→1+

f(x) lim
x→1−

f(x) 6= f(1) lim
x→1+

f(x) = f(1)

Therefore, the function is discontinuous.

3.
lim

x→1−
f(x) = lim

x→1−

√
−2x2 + 3x + 8 =

√
−2(1)2 + 3(1) + 8 = 3

lim
x→1+

f(x) = lim
x→1+

−9x

x + 2
+ 6 =

−9(1)
(1) + 2

+ 6 = 3

f(1) = 3

So lim
x→1−

f(x) = lim
x→1+

f(x) lim
x→1−

f(x) = f(1) lim
x→1+

f(x) = f(1)

Therefore, the function is continuous.

4.

lim
x→3−

f(x) = lim
x→3−

−18x

x + 3
+ 10 =

−18(3)
(3) + 3

+ 10 = 1

lim
x→3+

f(x) = lim
x→3+

x

x− 2
− 1 =

(3)
(3)− 2

− 1 = 2

f(3) = 1

So lim
x→3−

f(x) 6= lim
x→3+

f(x) lim
x→3−

f(x) = f(3) lim
x→3+

f(x) 6= f(3)

Therefore, the function is discontinuous.

5.
lim

x→−3−
f(x) = lim

x→−3−

√
x2 − 2x− 15 =

√
(−3)2 − 2(−3)− 15 = 0

lim
x→−3+

f(x) = lim
x→−3+

x2 − 10 = (−3)2 − 10 = −1

f(−3) = 0

So lim
x→−3−

f(x) 6= lim
x→−3+

f(x) lim
x→−3−

f(x) = f(−3) lim
x→−3+

f(x) 6= f(−3)

Therefore, the function is discontinuous.
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CALCULUS Continuity. Piece-wise defined functions

6.

lim
x→2−

f(x) = lim
x→2−

−6x

x
+ 7 =

−6(2)
(2)

+ 7 = 1

lim
x→2+

f(x) = lim
x→2+

−3x + 8 = −3(2) + 8 = 2

f(2) = 2

So lim
x→2−

f(x) 6= lim
x→2+

f(x) lim
x→2−

f(x) 6= f(2) lim
x→2+

f(x) = f(2)

Therefore, the function is discontinuous.

7.
lim

x→−2−
f(x) = lim

x→−2−
x2 − x− 8 = (−2)2 − (−2)− 8 = −2

lim
x→−2+

f(x) = lim
x→−2+

−2x2 − x + 4 = −2(−2)2 − (−2) + 4 = −2

f(−2) = −2

So lim
x→−2−

f(x) = lim
x→−2+

f(x) lim
x→−2−

f(x) = f(−2) lim
x→−2+

f(x) = f(−2)

Therefore, the function is continuous.

8.
lim

x→1−
f(x) = lim

x→1−
2x = 2(1) = 2

lim
x→1+

f(x) = lim
x→1+

√
x2 + 3 =

√
(1)2 + 3 = 2

f(1) = 2

So lim
x→1−

f(x) = lim
x→1+

f(x) lim
x→1−

f(x) = f(1) lim
x→1+

f(x) = f(1)

Therefore, the function is continuous.

9.
lim

x→3−
f(x) = lim

x→3−
−2x2 + 2x + 13 = −2(3)2 + 2(3) + 13 = 1

lim
x→3+

f(x) = lim
x→3+

√
2x2 − 3x− 9 =

√
2(3)2 − 3(3)− 9 = 0

f(3) = 1

So lim
x→3−

f(x) 6= lim
x→3+

f(x) lim
x→3−

f(x) = f(3) lim
x→3+

f(x) 6= f(3)

Therefore, the function is discontinuous.

10.
lim

x→1−
f(x) = lim

x→1−

6
x− 3

+ 3 =
6

(1)− 3
+ 3 = 0

lim
x→1+

f(x) = lim
x→1+

−3x2 − 2x + 4 = −3(1)2 − 2(1) + 4 = −1

f(1) = 0

So lim
x→1−

f(x) 6= lim
x→1+

f(x) lim
x→1−

f(x) = f(1) lim
x→1+

f(x) 6= f(1)

Therefore, the function is discontinuous.
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CALCULUS Limits. Functions defined by a graph

1. Consider the following function defined by its graph:

-
x

6y

−5 −4 −3 −2 −1 0 1 2 3 4 5

−4

−3

−2

−1

0

1

2

3

eue
u

e
Analyze the discontinuity of this function (continuous or discontinuous) and the type of discontinuity

(removable, jump or infinite discontinuity) at the following numbers:

a) x = −3 b) x = −1 c) x = 3

2. Consider the following function defined by its graph:

-
x

6y

−5 −4 −3 −2 −1 0 1 2 3 4 5

−4

−3

−2

−1

0

1

2

3

eue
e
ue

eue

Analyze the discontinuity of this function (continuous or discontinuous) and the type of discontinuity
(removable, jump or infinite discontinuity) at the following numbers:

a) x = −3 b) x = 0 c) x = 3
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CALCULUS Limits. Functions defined by a graph

3. Consider the following function defined by its graph:

-
x

6y

−5 −4 −3 −2 −1 0 1 2 3 4 5

−4

−3

−2

−1

0

1

2

3

eue

ue

e
u
e

Analyze the discontinuity of this function (continuous or discontinuous) and the type of discontinuity
(removable, jump or infinite discontinuity) at the following numbers:

a) x = −3 b) x = 0 c) x = 4

4. Consider the following function defined by its graph:

-
x

6y

−5 −4 −3 −2 −1 0 1 2 3 4 5

−4

−3

−2

−1

0

1

2

3

e
u
e

e
u
e

eue

Analyze the discontinuity of this function (continuous or discontinuous) and the type of discontinuity
(removable, jump or infinite discontinuity) at the following numbers:

a) x = −5 b) x = −2 c) x = 3
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CALCULUS Limits. Functions defined by a graph

5. Consider the following function defined by its graph:

-
x

6y

−5 −4 −3 −2 −1 0 1 2 3 4 5

−4

−3

−2

−1

0

1

2

3

eue

e
ue

e
u
e

Analyze the discontinuity of this function (continuous or discontinuous) and the type of discontinuity
(removable, jump or infinite discontinuity) at the following numbers:

a) x = −5 b) x = 2 c) x = 3

6. Consider the following function defined by its graph:

-
x

6y

−5 −4 −3 −2 −1 0 1 2 3 4 5

−4

−3

−2

−1

0

1

2

3

e
ue

e

Analyze the discontinuity of this function (continuous or discontinuous) and the type of discontinuity
(removable, jump or infinite discontinuity) at the following numbers:

a) x = −3 b) x = −2 c) x = 3
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CALCULUS Limits. Functions defined by a graph

7. Consider the following function defined by its graph:

-
x

6y

−5 −4 −3 −2 −1 0 1 2 3 4 5

−4

−3

−2

−1

0

1

2

3

e
ue

eu
e

eue

Analyze the discontinuity of this function (continuous or discontinuous) and the type of discontinuity
(removable, jump or infinite discontinuity) at the following numbers:

a) x = −3 b) x = −2 c) x = 3

8. Consider the following function defined by its graph:

-
x

6y

−5 −4 −3 −2 −1 0 1 2 3 4 5

−4

−3

−2

−1

0

1

2

3

eu
e

e

eu

Analyze the discontinuity of this function (continuous or discontinuous) and the type of discontinuity
(removable, jump or infinite discontinuity) at the following numbers:

a) x = −5 b) x = 2 c) x = 3
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CALCULUS Limits. Functions defined by a graph

9. Consider the following function defined by its graph:

-
x

6y

−5 −4 −3 −2 −1 0 1 2 3 4 5

−4

−3

−2

−1

0

1

2

3e

e
u
e

eue

Analyze the discontinuity of this function (continuous or discontinuous) and the type of discontinuity
(removable, jump or infinite discontinuity) at the following numbers:

a) x = −5 b) x = 2 c) x = 3

10. Consider the following function defined by its graph:

-
x

6y

−5 −4 −3 −2 −1 0 1 2 3 4 5

−4

−3

−2

−1

0

1

2

3

e

eu
e

e
Analyze the discontinuity of this function (continuous or discontinuous) and the type of discontinuity

(removable, jump or infinite discontinuity) at the following numbers:

a) x = −3 b) x = 0 c) x = 3
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CALCULUS Limits. Functions defined by a graph

Answers:1.a)continuousb)discontinuous(infinitediscontinuity)c)discontinuous
(infinitediscontinuity)
2.a)continuousb)discontinuous(jumpdiscontinuity)c)continuous
3.a)continuousb)discontinuous(infinitediscontinuity)c)discontinuous(removabledisconti-
nuity)
4.a)discontinuous(removablediscontinuity)b)discontinuous(removablediscontinuity)c)
continuous
5.a)continuousb)discontinuous(jumpdiscontinuity)c)discontinuous(removablediscontinu-
ity)
6.a)discontinuous(jumpdiscontinuity)b)discontinuous(infinitediscontinuity)c)
discontinuous(infinitediscontinuity)
7.a)discontinuous(jumpdiscontinuity)b)discontinuous(jumpdiscontinuity)c)continuous
8.a)discontinuous(jumpdiscontinuity)b)discontinuous(infinitediscontinuity)c)
discontinuous(infinitediscontinuity)
9.a)discontinuous(infinitediscontinuity)b)discontinuous(removablediscontinuity)c)
continuous
10.a)discontinuous(infinitediscontinuity)b)discontinuous(jumpdiscontinuity)c)
discontinuous(infinitediscontinuity)
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CALCULUS Limits. Functions defined by a graph

Solutions:
1.
a) lim

x→−3−
f(x) = 2 lim

x→−3+
f(x) = 2 f(−3) = 2

Therefore the function is continuous.
b) lim

x→−1−
f(x) =∞ lim

x→−1+
f(x) =∞ f(−1) = 3

Therefore the function is discontinuous. There is an infinite discontinuity.
c) lim

x→3−
f(x) = −3 lim

x→3+
f(x) = −∞ f(3) = DNE

Therefore the function is discontinuous. There is an infinite discontinuity.

2.
a) lim

x→−3−
f(x) = −2 lim

x→−3+
f(x) = −2 f(−3) = −2

Therefore the function is continuous.
b) lim

x→0−
f(x) = −3 lim

x→0+
f(x) = −2 f(0) = −2 lim

x→0−
f(x) 6= lim

x→0+
f(x)

Therefore the function is discontinuous. There is a jump discontinuity.
c) lim

x→3−
f(x) = 3 lim

x→3+
f(x) = 3 f(3) = 3

Therefore the function is continuous.

3.
a) lim

x→−3−
f(x) = 0 lim

x→−3+
f(x) = 0 f(−3) = 0

Therefore the function is continuous.
b) lim

x→0−
f(x) = −∞ lim

x→0+
f(x) = −3 f(0) = −3

Therefore the function is discontinuous. There is an infinite discontinuity.
c) lim

x→4−
f(x) = 1 lim

x→4+
f(x) = 1 f(4) = 0 lim

x→4−
f(x) 6= f(4) lim

x→4+
f(x) 6= f(4)

Therefore the function is discontinuous. There is a removable discontinuity.

4.
a) lim

x→−5−
f(x) = −1 lim

x→−5+
f(x) = −1 f(−5) = 0 lim

x→−5−
f(x) 6= f(−5) lim

x→−5+
f(x) 6=

f(−5)
Therefore the function is discontinuous. There is a removable discontinuity.
b) lim

x→−2−
f(x) = 2 lim

x→−2+
f(x) = 2 f(−2) = 3 lim

x→−2−
f(x) 6= f(−2) lim

x→−2+
f(x) 6= f(−2)

Therefore the function is discontinuous. There is a removable discontinuity.
c) lim

x→3−
f(x) = 1 lim

x→3+
f(x) = 1 f(3) = 1

Therefore the function is continuous.

5.
a) lim

x→−5−
f(x) = 1 lim

x→−5+
f(x) = 1 f(−5) = 1

Therefore the function is continuous.
b) lim

x→2−
f(x) = −2 lim

x→2+
f(x) = −3 f(2) = −3 lim

x→2−
f(x) 6= lim

x→2+
f(x)

Therefore the function is discontinuous. There is a jump discontinuity.
c) lim

x→3−
f(x) = 2 lim

x→3+
f(x) = 2 f(3) = 1 lim

x→3−
f(x) 6= f(3) lim

x→3+
f(x) 6= f(3)

Therefore the function is discontinuous. There is a removable discontinuity.

6.
a) lim

x→−3−
f(x) = 1 lim

x→−3+
f(x) = 0 f(−3) = 0 lim

x→−3−
f(x) 6= lim

x→−3+
f(x)

Therefore the function is discontinuous. There is a jump discontinuity.
b) lim

x→−2−
f(x) =∞ lim

x→−2+
f(x) =∞ f(−2) = DNE

Therefore the function is discontinuous. There is an infinite discontinuity.
c) lim

x→3−
f(x) =∞ lim

x→3+
f(x) = 3 f(3) = DNE
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Therefore the function is discontinuous. There is an infinite discontinuity.

7.
a) lim

x→−3−
f(x) = −3 lim

x→−3+
f(x) = −2 f(−3) = −2 lim

x→−3−
f(x) 6= lim

x→−3+
f(x)

Therefore the function is discontinuous. There is a jump discontinuity.
b) lim

x→−2−
f(x) = 1 lim

x→−2+
f(x) = 0 f(−2) = 1 lim

x→−2−
f(x) 6= lim

x→−2+
f(x)

Therefore the function is discontinuous. There is a jump discontinuity.
c) lim

x→3−
f(x) = 3 lim

x→3+
f(x) = 3 f(3) = 3

Therefore the function is continuous.

8.
a) lim

x→−5−
f(x) = −1 lim

x→−5+
f(x) = −2 f(−5) = −1 lim

x→−5−
f(x) 6= lim

x→−5+
f(x)

Therefore the function is discontinuous. There is a jump discontinuity.
b) lim

x→2−
f(x) = −∞ lim

x→2+
f(x) = −3 f(2) = DNE

Therefore the function is discontinuous. There is an infinite discontinuity.
c) lim

x→3−
f(x) = 3 lim

x→3+
f(x) =∞ f(3) = 3

Therefore the function is discontinuous. There is an infinite discontinuity.

9.
a) lim

x→−5−
f(x) = 3 lim

x→−5+
f(x) =∞ f(−5) = DNE

Therefore the function is discontinuous. There is an infinite discontinuity.
b) lim

x→2−
f(x) = 0 lim

x→2+
f(x) = 0 f(2) = 1 lim

x→2−
f(x) 6= f(2) lim

x→2+
f(x) 6= f(2)

Therefore the function is discontinuous. There is a removable discontinuity.
c) lim

x→3−
f(x) = −2 lim

x→3+
f(x) = −2 f(3) = −2

Therefore the function is continuous.

10.
a) lim

x→−3−
f(x) = −∞ lim

x→−3+
f(x) = −3 f(−3) = DNE

Therefore the function is discontinuous. There is an infinite discontinuity.
b) lim

x→0−
f(x) = 0 lim

x→0+
f(x) = −1 f(0) = 0 lim

x→0−
f(x) 6= lim

x→0+
f(x)

Therefore the function is discontinuous. There is a jump discontinuity.
c) lim

x→3−
f(x) = −3 lim

x→3+
f(x) = −∞ f(3) = DNE

Therefore the function is discontinuous. There is an infinite discontinuity.
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